A rational curve C in a nonsingular variety X is standard if under the normalization f : P 1 → C ⊂ X, the vector bundle f * T (X) decomposes as O(2) ⊕ O(1) p ⊕ O q for some nonnegative integers satisfying p + q = dim X − 1. For a Fano manifold X of Picard number one and a general point x ∈ X, a general rational curve of minimal degree through x is standard. It has been asked whether all rational curves of minimal degree through a general point x are standard. Our main result is a negative answer to this question.
Introduction
Throughout this paper, we will work over the field of complex numbers. Let X be a Fano manifold of Picard number one. An irreducible component K of the normalized space of rational curves RatCurves n (X) (see [Kol96] for a precise definition) is called a dominating family of rational curves if there is a member of K through a general point of X. We call K a minimal dominating family of rational curves if the degree of members of K with respect to K −1 X is minimal among all dominating families of rational curves. Denote by K x the normalized space of members of K through a general point x. It is well known that K x is a nonsingular projective variety with finitely many irreducible components. By [Keb02] , the map τ x : K x → PT x (X) sending a member of K x to its tangent direction at x is a well-defined morphism finite over its image. Furthermore, by [HM04] , τ x is the normalization morphism of the image τ x (K x ). The image τ x (K x ) is denoted by C x and called the variety of minimal rational tangents at x.
In many examples, the Fano manifold X can be embedded in projective space P N and the members of the minimal dominating family K are embedded as lines in P N . If this is the case, the morphism τ x is an embedding and the variety of minimal rational tangents C x is nonsingular, as explained in Proposition 1.5 of [Hwa01] . This motivates the following question.
Veronese double cones
[Hwa01] Proposition 1.4). So the first part of Question 1.1 is asking whether all members of K x are standard.
It is possible to extend the setting to an arbitrary uniruled projective manifold X and a locally unsplit dominating family of rational curves on X (see [CD12] ). The results of [HM04] and [Keb02] hold for τ x : K x → PT x (X) in this general setting and Question 1.1 can be extended as follows. Question 1.2 (Problem 4.15 in [Hwa12] ). For a uniruled projective manifold X and a locally unsplit dominating family of rational curves on X, is τ x an immersion, or even an embedding, at a general point x ∈ X?
Recently, Casagrande and Druel discovered a counterexample to Question 1.2 in Theorem 1.10 of [CD12] . The uniruled projective manifold X in their example is a Fano manifold of Picard number three. Thus it does not give a counterexample to Question 1.1.
In the current paper, we will study the morphism τ x for a class of Fano manifolds of Picard number one, Veronese double cones, and prove the following negative answer to Question 1.1.
Theorem 1.3. Let d
3 be an odd positive integer, and let f (x 1 , . . . , x n , x n+1 ), n d, be a weighted homogeneous polynomial of degree 2d with respect to wt(x 1 ) = · · · = wt(x n ) = 1 and wt(x n+1 ) = 2 (see Definition 2.4). Let X f be a Veronese double cone of dimension n associated with a general choice of f (see Definition 6.2). This is a Fano manifold of Picard number one (see Proposition 6.4) and there exists a minimal dominating family consisting of minimal rational curves on X f in the sense of Definition 6.6. If 2d n, then τ x at a general point x ∈ X f is not an immersion.
Our example can be viewed as an optimal counterexample to Question 1.1 in the following senses:
-When L is the ample generator of Pic(X f ), minimal rational curves on X f have degree one with respect to L. In the terminology of Definition IV.2.1 of [Kol96] , they form an unsplit family of rational curves. Note that in the counterexamples to Question 1.2 in [CD12] , the locally unsplit dominating family is neither minimal nor unsplit (see Remark 5.4 in [CD12] ).
-Suppose that a Fano manifold X of Picard number one admits a morphism χ : X → P N generically finite over its image such that general members of K are sent to lines in P N . Then by the same argument of Proposition 1.5 of [Hwa01] , the morphism τ x at a general point x ∈ X is an embedding. Our X f admits a morphism χ : X → P N , finite over its image, such that general minimal rational curves on X f are sent to conics in P N .
To prove Theorem 1.3, we will give an explicit description (Proposition 6.7) of K x for a general f and a general point x ∈ X f , as a smooth weighted complete intersection in a suitable weighted projective space. This description is of independent interest and is proved by extending some calculations from [HK13] . This enables us to express the morphism τ x as an explicit projection map of this weighted complete intersection (Proposition 3.11), which cannot be an immersion if 2d n (Proposition 5.3).
Notation and Convention 1. The projectivization PV of a vector space V is the space of one-dimensional subspaces in V .
Given a one-dimensional subspace U ⊂ V , the symbol [U ] denotes the corresponding point on PV . We will use freely the natural identification
2. Given a vector space V we will use 0 to denote sometimes the zero element and sometimes the zero subset consisting of the zero element. When we consider two or more different vector spaces at the same time, we will use the same symbol 0 to denote the zero element or the zero subset of one of the vector spaces. Usually it will be clear which vector space the zero element belongs to. For example, for the direct sum of two vector spaces V 1 ⊕ V 2 , we will denote by V 1 ⊕ 0 the subspace given by the first factor and by 0 ⊕ V 2 the subspace given by the second factor.
The Veronese cone
Definition 2.1. Let V be an n-dimensional vector space and let R be a one-dimensional vector space. Consider the C × -action on V ⊕ R defined by
The quotient space of (V ⊕ R) \ (0 ⊕ 0) by this C × -action is a projective variety, which we call the Veronese cone of (V, R) and denote by P(V ; R). We denote by vtx(V ; R) ∈ P(V ; R) the C × -equivalence class of (0 ⊕ R) \ (0 ⊕ 0) and call it the vertex of the Veronese cone. If dim V 2, the vertex is a singular point of the Veronese cone. Denote by P(V ; R) o := P(V ; R) \ vtx(V ; R) the complement of the vertex.
The following easy proposition explains the name 'Veronese cone'. We will skip the proof.
It is an isomorphism if dim V = 1. (ii) The image of ι is a cone over the Veronese variety v 2 (PV ) ⊂ P(Sym 2 V ) with vertex ι(vtx(V ; R)) = P(0 ⊕ R) ∈ P(Sym 2 V ⊕ R).
The following proposition is straightforward.
where the quotient morphisms α and β induce the structures of C × -principal bundles. Furthermore, in terms of the natural identification
. . , t N be nonnegative integers. A polynomial f (x 1 , . . . , x N ) in N variables is said to be a weighted homogeneous polynomial of degree k with respect to wt(x i ) = t i , 1 i N, if it is of the form
Veronese double cones with coefficients c i 1 ,...,i N ∈ C.
Definition 2.5. Choose linear coordinates x 1 , . . . , x n on V and a linear coordinate x n+1 on R. For a weighted homogeneous polynomial f (x 1 , . . . , x n , x n+1 ) of degree k with respect to the weights wt(x 1 ) = · · · = wt(x n ) = 1 and wt(x n+1 ) = 2, the zero set (f (x 1 , . . . , x n , x n+1 ) = 0) descends to a hypersurface in P(V ; R). Such a hypersurface is called a weighted hypersurface of degree k in P(V ; R). This is a Weil divisor on P(V ; R), but not necessarily a Cartier divisor.
Proposition 2.6. There exists a connected algebraic group G acting algebraically on V ⊕ R with the following properties:
In particular, the G-action on V ⊕ R descends to a G-action on P(V ; R).
(ii) The G-action on P(V ; R) is transitive on P(V ; R) o .
(iii) The G-action on P(V ; R) sends a weighted hypersurface of degree k to a weighted hypersurface of degree k.
. Also, we have an action of the vector group Hom(Sym 2 V, R) on V ⊕ R, where ϕ ∈ Hom(Sym 2 V, R) acts by
Both actions satisfy properties (i) and (iii). Then the semi-direct product G of GL(V ) and Hom(Sym 2 V, R) acts on V ⊕ R satisfying all three conditions (i)-(iii).
Proposition 2.7. In Definition 2.5, let S ⊂ P(V ; R) o be a nonsingular projective subvariety. For a weighted hypersurface Z ⊂ P(V ; R) of degree k 1 such that S ⊂ Z, the intersection S ∩ Z is an ample divisor on S.
Proof. A weighted hypersurface of degree 2d 2 is the pull-back of a hypersurface of degree d in P(Sym 2 V ⊕ R) by the morphism ι of Proposition 2.2. Consequently, all weighted hypersurfaces of even degree in P(V ; R) are ample Cartier divisors. This proves the proposition when k is even.
If k is odd, the Weil divisor 2Z on P(V ; R) becomes a weighted hypersurface of degree 2k. Thus on S, the divisor 2Z ∩ S is an ample divisor. It follows that Z ∩ S is an ample divisor on S. Proposition 2.9. Let Z ⊂ P(V ; R) o be a smooth weighted complete intersection of multi-degree
Proof. Write Z = α −1 (Z) ⊂ V ⊕ R using the notation of Proposition 2.3. By the equality
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Fixing a linear coordinate system on V ⊕ R as in Definition 2.5, let {f i (x 1 , . . . , x n , x n+1 ), 1 i m} be the set of weighted homogeneous polynomials of degree d i defining Z. At a point p ∈ Z, the tangent space
Since ∂f i /∂x n+1 is a weighted homogeneous polynomial of degree d i − 2, its zero set on Z
is either an ample divisor on Z by Proposition 2.7 or
This implies the existence of a point p ∈ Z satisfying ∂f i (p)/∂x n+1 = 0 for all 1 i m.
The Space of conics on a Veronese cone
Definition 3.1. Let us use the notation of Proposition 2.2. An irreducible reduced curve C ⊂ P(V ; R) is a line (respectively, a conic) on the Veronese cone if the closure of the image
Proposition 3.2. A line on P(V ; R) is the closure of a fiber of the projection Ψ R V in Proposition 2.3. More precisely, for a one-dimensional subspace U ⊂ V , the subset P(U ; R) ⊂ P(V ; R) is a line in P(V ; R), and any line in P(V ; R) is of the form P(U ; R) for some one-dimensional subspace U ⊂ V .
Proof. It is clear that the closure of a fiber of Ψ R V is a line and is of the form P(U ; R) for some one-dimensional subspace U ⊂ V . Let us check the other direction.
Consider the commuting diagram
where ψ denotes the projection from the vertex P(0 ⊕ R) and v 2 denotes the second Veronese embedding. Note that the Veronese variety v 2 (PV ) ⊂ P(Sym 2 V ) contains no line. Thus, given a line C ⊂ P(V ; R) in Definition 3.1, the image
is a point and C is the closure of a fiber of Ψ R V .
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Veronese double cones Notation 3.3. Let W ⊂ V be a two-dimensional subspace and let ϕ : Sym 2 W → R be a homomorphism. Define
It is easy to check that this is a conic on P(V ; R) in the sense of Definition 3.1.
Proposition 3.4. A conic in P(V ; R) is of the form C(W, ϕ) for a two-dimensional subspace W ⊂ V and a homomorphism ϕ : Sym 2 W → R. In particular, any conic is contained in P(V ; R) o .
Proof. Let C be a conic on P(V ; R). The proper image of C under the projection Ψ R V must be a conic on the Veronese variety v 2 (PV ) ⊂ P(Sym 2 V ). So the image must come from a line in PV and be of the form v 2 (PW ) ⊂ P(Sym 2 W ) for some two-dimensional subspace W ⊂ V . It follows that
Then the linear span P of C in P(Sym 2 W ⊕ R) must be a plane in P 3 . If P contains the vertex vtx(W ; R) = vtx(V ; R), then P ∩ P(W ; R) must be the union of two lines (or a double line), giving a contradiction because C ⊂ P ∩ P(W ; R) is assumed to be an irreducible conic. Thus P does not contain the vertex. This means that its homogeneous cone P ⊂ Sym 2 W ⊕ R is a subspace of dimension three that does not contain 0 ⊕ R. So P determines a homomorphism ϕ : Sym 2 W → R. It is easy to check that C = C(W, ϕ).
Proposition 3.5. Let M ⊂ Hilb(P(V ; R)) be the subscheme of the Hilbert scheme parametrizing conics on P(V ; R). For a point y ∈ P(V ; R), let M y ⊂ M be the subscheme parametrizing conics through y. Then both M and M y are smooth.
Proof. By Proposition 3.4, any conic C lies in P(V ; R) o , a homogeneous variety by Proposition 2.6. Then the normal bundle N C of the conic in P(V ; R) o is globally generated and consequently
where m y is the maximal ideal of a point y ∈ C. This implies the smoothness of M and M y .
Proposition 3.6. Let Gr(2, V ) be the Grassmannian of two-dimensional subspaces of V . Denote by U → Gr(2, V ) the tautological bundle of rank two and by ζ : Hom(Sym 2 U, R) → Gr(2, V ) the vector bundle whose fiber at [W ] ∈ Gr(2, V ) is Hom(Sym 2 W, R). Then we have a natural isomorphism of schemes
Proof. The association (W, ϕ) → C(W, ϕ) defines a morphism η. It is easy to see that
Thus η is injective. Proposition 3.4 shows that η is surjective. Since M is smooth by Proposition 3.5, the bijective morphism η must be an isomorphism of schemes.
Proposition 3.7. Let U ⊂ V be a one-dimensional subspace. Denote by [U ] ∈ P(V ; R) the point corresponding to U , that is, the unique C × -equivalence class of
Then the restriction of η in Proposition 3.6 gives an isomorphism η| S(U ) :
Proof. Note that a conic C(W, ϕ) passes through [U ] ∈ P(V ⊕ 0) ⊂ P(V ; R) if and only if U ⊂ W and ϕ(U, U ) = 0. It follows that η| S(U ) is a bijection to
is a smooth subscheme of M by Proposition 3.5, the morphism η| S(U ) is an isomorphism of schemes.
Notation 3.8. Let U be a one-dimensional vector space and let Q be an (n − 1)-dimensional vector space. We have a natural inclusion of the Veronese cone P Hom(Sym 2 U, R); Hom(Sym 2 U, R)
in the Veronese cone
Denote by V(U, Q) its complement, an open subset of the latter Veronese cone. In other words, V(U, Q) consists of C × -equivalence classes of elements
to V(U, Q), sending the class of (µ, ν, λ) to that of (µ, ν).
Notation 3.9. For a point y ∈ P(V ; R), letτ y : M y → PT y (P(V ; R)) be the tangent morphism which sends a conic C through y to its tangent space P(T y (C)) ∈ PT y (P(V ; R)).
In the next two propositions, we will give an explicit description ofτ y when y is the point [U ] ∈ P(V ; R) corresponding to a one-dimensional subspace U of V . Our description depends on a choice of a complementary subspace Q ⊂ V .
Proposition 3.10. Let V = U ⊕ Q be the direct sum of a one-dimensional vector space U and an (n − 1)-dimensional vector space Q. With an element
satisfying µ = 0, we can associate the two-dimensional subspace W = (U ⊕ Im(µ)) of V and the element ϕ ∈ Hom(Sym 2 W, R) determined by
Proof. It is straightforward to check that two elements (µ 1 , ν 1 , λ 1 ) and (µ 2 , ν 2 , λ 2 ) determine the same (W, ϕ) if and only if µ 1 = cµ 2 , ν 1 = cν 2 , λ 1 = c 2 λ 2 . This show that the morphism θ : V(U, Q) → S(U ) is well defined and injective. Given (W, ϕ) ∈ S(U ), let (µ, ν, λ), µ = 0, be defined by (i) µ is a nonzero element of Hom(U, W ∩ Q) ⊂ Hom(U, Q);
(ii) ν(u, u) = ϕ(u, µ(u)); and
Then clearly θ([(µ, ν, λ)]) = (W, ϕ). Thus θ is an isomorphism.
Proposition 3.11. In the setting of Proposition 3.10, the hypersurface P(V ⊕ 0) ⊂ P(V ; R) and the line P(U ; R) ⊂ P(V ; R) intersect transversally at [U ], giving a natural isomorphism
Here, the natural isomorphism T [U ] (P(U ; R)) = Hom(Sym 2 U, R) comes from the embedding ι : P(U ; R) ∼ = P(Sym 2 U ⊕ R) in Proposition 2.2(i). Under the isomorphism (3.1), the tangent space of a conic [C(W, ϕ)] ∈ M [U ] corresponds to the one-dimensional subspace
Thus we have a commuting diagram
where the morphisms are as in Notation 3.9, Notation 3.8 and Proposition 3.10.
Proof. Note that if (µ, ν) is an element of T (W, ϕ), then so is (cµ, cν) for any c ∈ C. Thus T (W, ϕ) is indeed a one-dimensional vector space. To check that it corresponds to T [U ]
(C(W, ϕ)), fix nonzero vectors u ∈ U and q ∈ Q ∩ W. The arc
lies in C(W, ϕ). Under the embedding ι, this arc is sent to
Since ϕ(u, u) = 0, this is tangent to the line in P(Sym 2 V ⊕ R) corresponding to the twodimensional subspace
The tangent to this line at [u ⊗2 ] is the one-dimensional subspace of
spanned by the homomorphism u ⊗2 → u ⊗ q + ϕ(u, q). Via the natural inclusion of Hom(U, Q) in Hom(Sym 2 U, U ⊗ Q), we see that T (W, ϕ) corresponds to the tangent space of the line.
Note that a nonzero element of (µ, ν) ∈ T (U, Q) coincides precisely with the first two components of (µ, ν, λ) ∈ V(U, Q) corresponding to [C(W, ϕ)] ∈ M [U ] via the isomorphism θ in Proposition 3.10. It follows that the tangent morphismτ [U ] corresponds to the projection (µ, ν, λ) → (µ, ν). This verifies that the diagram commutes.
ECO polynomials arising from weighted homogeneous polynomials
In this section, we present some calculations with polynomials and introduce a variety E f associated with a weighted homogeneous polynomial f of a certain type. We will explain the geometric meaning of E f in the next section. 
with the following properties:
is weighted homogeneous of degree k with respect to wt(t i ) = i for each i = 1, . . . , d.
(ii) The polynomial in two variables (s, t)
is an ECO polynomial if and only if
Proof. Properties (i) and (ii) are from the statement of Proposition 3.3 of [HK13]. Property (iii)
is implicit in the proof therein. It follows essentially from the fact that a polynomial of the form
Let us just check this elementary fact. Suppose that
is an ECO polynomial. We can find (σ 1 , . . . , σ d ) ∈ C d such that
For convenience, set σ 0 = 1. Then for each k,
It follows that σ 1 = · · · = σ d−1 = 0. Therefore (4.1) becomes
which implies that a d+1 = · · · = a 2d−1 = 0 and a 2d = 1 4 a 2 d . The proof of the other direction is straightforward. Proposition 4.3. Let f (x 1 , . . . , x n+1 ) be a weighted homogeneous polynomial of degree 2d with respect to wt(x 1 ) = · · · = wt(x n ) = 1 and wt(x n+1 ) = 2. Define a
Then each a f i (z 2 , . . . , z n+2 ) is a weighted homogeneous polynomial of degree i with respect to wt(z 2 ) = · · · wt(z n+1 ) = 1 and wt(z n+2 ) = 2. In particular, a f 0 (z) = f (1, 0, . . . , 0) is a constant. Proof. Putting s = z 1 t, we have
Since f is a weighted homogeneous polynomial of degree 2d,
It follows that
Since the left-hand side is a weighted homogeneous polynomial of degree 2d with respect to wt(z 1 ) = wt(z 2 ) = · · · wt(z n+1 ) = 1 and wt(z n+2 ) = 2 , each a f i (z 2 , . . . , z n+2 ) is a weighted homogeneous polynomial of degree i with respect to wt(z 2 ) = · · · wt(z n+1 ) = 1 and wt(z n+2 ) = 2 . 
where A k is as in Proposition 4.2. Then B f d+i (z 2 , . . . , z n+2 ) is a weighted homogeneous polynomial of degree d + i with respect to wt(z 2 ) = · · · wt(z n+1 ) = 1 and wt(z n+2 ) = 2.
Proof. Recall that A k (t 1 , . . . , t d ) is a weighted homogeneous polynomial of degree k with respect to wt(
) is a weighted homogeneous polynomial of degree k with respect to wt(z 2 ) = · · · wt(z n+1 ) = 1 and wt(z n+2 ) = 2. This implies the proposition.
Definition 4.5. Fix a basis {v 1 , . . . , v n } of an n-dimensional vector space V and a nonzero vector v n+1 of a one-dimensional vector space R. Define U = Cv 1 and Q = Cv 2 + · · · + Cv n such that V = U ⊕ Q. Let (x 1 , . . . , x n , x n+1 ) be the linear coordinates on V ⊕ R dual to the basis (v 1 , . . . , v n , v n+1 ). Let (z 2 , . . . , z n , z n+1 , z n+2 ) be the linear coordinates on
whose values at (µ, ν, λ) are given by µ(
Let f (x 1 , . . . , x n+1 ) be as in Proposition 4.4. Let B f d+i be the weighted hypersurface of degree d + i on the Veronese cone
defined by the weighted homogeneous polynomial B f d+i (z 2 , . . . , z n+2 ) of degree d + i with respect to wt(z 2 ) = · · · = wt(z n+1 ) = 1 and wt(z n+2 ) = 2. We define the subvariety
as the set-theoretic intersection of the hypersurfaces {B
The following lemma is a direct translation of Proposition 4.2 into the terminology of Definition 4.5.
Lemma 4.6. Let f (x 1 , . . . , x n+1 ) be a weighted homogeneous polynomial of degree 2d with respect to wt(x 1 ) = · · · = wt(x n ) = 1 and wt(x n+1 ) = 2 satisfying f (1, 0, . . . , 0) = 0. Then the homogeneous polynomial in
is an ECO polynomial if and only if the element
in the coordinates of Definition 4.5 belongs to a point of E f .
Proposition 4.7. A general weighted homogeneous polynomial f (x 1 , . . . , x n+1 ) of degree 2d with respect to wt(x 1 ) = · · · = wt(x n ) = 1 and wt(x n+1 ) = 2 satisfying f (1, 0, . . . , 0) = 0 has the following properties:
(i) The locus f = 0 defines a smooth weighted hypersurface of degree 2d in P(V ; R).
(ii) The subvariety E f in Definition 4.5 is disjoint from the locus of (z 2 = · · · = z n = 0) in the Veronese cone P Hom(U, Q) ⊕ Hom(Sym 2 U, R); Hom(Sym 2 U, R) .
In other words, it belongs to V(U, Q) (see Notation 3.8).
(iii) The subvariety E f is a smooth weighted complete intersection of multi-degree (d + 1, d + 2, . . . , 2d) in V(U, Q). In particular, it is nonempty if and only if d n.
Proof. Property (i) is obvious. Since properties (ii) and (iii) are open conditions, we may verify them for a special f (x 1 , . . . , x n+1 ). Let us consider polynomials of the following type:
where h i (x 2 , . . . , x n ) is a homogeneous polynomial of degree i in x 2 , . . . , x n . From
we have
for i = 1, . . . , d .
Using Proposition 4.2 (iii), we have
From these equations for B f d+i , we see that property (ii) is true for any choice of h d+i , 1 i d. Now we choose h 2d (z 2 , . . . , z n ) = z 2d 2 +· · ·+z 2d n . Then the subscheme Z defined by the equation
= 0 is a smooth weighted hypersurface of degree 2d in the Veronese cone
disjoint from the vertex of the Veronese cone. Note that this subscheme Z is independent of the choice of h d+i , 1 i d − 1. We will show that property (iii) is true under a general choice of h d+1 , . . . , h 2d−1 . For simplicity, let us denote by
the restriction to Z of the morphism
in Notation 3.8. Note that for each i = 1, . . . , d − 1,
By the Bertini theorem, if h d+1 , . . . , h 2d−1 are general, the scheme-theoretic intersection
is smooth, of codimension d − 1 in Z and contained in V(U, Q). Thus the scheme-theoretic intersection
is smooth, of codimension d − 1 in Z and contained in V(U, Q) for a general t ∈ C. It follows that if h d+1 , . . . , h 2d−1 are general, then
is a smooth weighted complete intersection of multi-degree (d + 1, d + 2, . . . , 2d) contained in V(U, Q). This has property (iii).
ECO conics on a Veronese cone
Definition 5.1. Let Z ⊂ P(V ; R) be a weighted hypersurface of degree 2d for d 1. We say that a conic C in P(V ; R) is an ECO (Even Contact Order) conic with respect to Z if C ⊂ Z and the local intersection number at each point of C ∩ Z is even. For a point y ∈ P(V ; R), denote by E Z y ⊂ M y the subvariety consisting of ECO conics through y. Here M y is as in Proposition 3.6.
Proposition 5.2. Using the linear coordinates of Definition 4.5, let Z ⊂ P(V ; R) be the weighted hypersurface of degree 2d defined by a weighted homogeneous polynomial f of degree 2d with respect to wt(x 1 ) = · · · = wt(x n ) = 1 and wt(x n+1 ) = 2. Using the decomposition V = U ⊕ Q, we have the isomorphism θ : Proof. Recall from Proposition 3.10 that θ sends a point [(µ, ν, λ)] ∈ V(U, Q) to a conic C(W, ϕ), where
and for any (s, t) ∈ C 2 ,
Therefore C(W, ϕ) is an ECO conic with respect to Z if and only if
is an ECO polynomial in (s, t). By Lemma 4.6, this is the case if and only if the point
belongs to E f ⊂ V(U, Q). This completes the proof.
Proposition 5.3. Let Z ⊂ P(V ; R) be as in Proposition 5.2, defined by a general weighted homogeneous polynomial f of degree 2d in the sense of Proposition 4.7. Assume 2 d n/2. Let y ∈ P(V ; R) be a general point. Then the tangent morphism τ Z y : E Z y → PT y (P(V ; R)) defined by the restriction ofτ y in Notation 3.9 is not an immersion.
Proof. Fix a general f in the sense of Proposition 4.7. Let Z ⊂ P(V ; R) be the hypersurface defined by f . Via the isomorphism θ : E f ∼ = E Z
[U ] of Proposition 5.2, the morphism τ Z [U ] is the restriction of the morphism Ψ(U, Q) of Proposition 3.11 to E f . By Proposition 4.7, the variety E f is a smooth weighted complete intersection of multi-degree (d + 1, d + 2, . . . , 2d). By applying Proposition 2.9 to the n-dimensional Veronese cone P Hom(U, Q) ⊕ Hom(Sym 2 U, R); Hom(Sym 2 U, R) ,
is not an immersion by our assumption 2 d n/2. of degree two without ramification point, giving a contradiction. Thus χ| : → C is birational and · L = 1 by Proposition 6.5. It follows that is a minimal rational curve. Conversely, let ⊂ X f be a minimal rational curve through x. By Proposition 6.5, the cycle χ * ( ) is either a conic or a double line on P(V ; R). By Proposition 3.2, a line m through a general point y ∈ P(V ; R) intersects the smooth hypersurface Z ⊂ P(V ; R) transversally at d 3 distinct points. Thus χ −1 (m) is irreducible and cannot be a rational curve. It follows that χ * ( ) is a conic C ⊂ P(V ; R) and χ −1 (C) has two irreducible components. We claim that C is an ECO conic with respect to Z. For each point z ∈ C ∩ Z, if the local intersection number r z of C and Z at z is odd, the germ of χ −1 (C) over z is irreducible (for example, by the equation s 2 = t rz in the previous paragraph). This is impossible because χ −1 (C) has two distinct components. Thus r z is even at every z ∈ C ∩ Z and C is an ECO conic with respect to Z.
We are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Propositions 5.2 and 6.7 imply that K x is isomorphic to E f , which is a smooth weighted complete intersection of multi-degree (d + 1, d + 2, . . . , 2d) in V(U, Q) by Proposition 4.7. Therefore K x is nonempty when n d, and irreducible when n > d, because it is smooth and connected. Thus minimal rational curves form the union of finitely many minimal dominating families of rational curves on X f if n d, and they form a single minimal dominating family if n > d. We have a commuting diagram
The first vertical arrow is an isomorphism by Proposition 6.7. As χ is unramified at x, the second vertical arrow d x χ is an isomorphism. If n 2d, the morphism τ Z y is not an immersion by Proposition 5.3. Thus the morphism τ x is not an immersion.
